A maximal independent set is an independent set that is not a proper subset of any other independent set. Jou and Chang determined the largest number of maximal independent sets among all graphs and connected graphs of order n, which contain at most one cycle. Later B. E. Sagan and V. R. Vatter found the largest number of maximal independent sets among all graphs of order n, which contain at most r cycles. In 2012, Jou settled the second largest number of maximal independent sets in graphs with at most one cycle. In this paper, we study the second largest number of maximal independent sets among all graphs of order n ≥ 5 with at most two cycles. We also characterize those extremal graphs achieving these values.
Introduction
Let G = (V, E) be a simple undirected graph. An independent set is a subset S of V such that no two vertices in S are adjacent. A maximal independent set is an independent set that is not a proper subset of any other independent set. The set of all maximal independent sets of a graph G is denoted by MI(G) and its cardinality by mi(G).
The problem of determining the largest value of mi(G) in a general graph of order n and those graphs achieving the largest number was proposed by Erdős and Moser, and solved by Moon and Moser [10] . It was then extensively studied for various classes of graphs in the literature, including trees, forests, (connected) graphs with at most one cycle, bipartite graphs, connected graphs, k-connected graphs, (connected) triangle-free graphs; for a survey see [6] . Recently, Jin and Li [3] determined the second largest number of maximal independent sets among all graphs of order n.
There are researches on independent sets in graphs from a different point of view. The Fibonacci number of a graph is the number of independent vertex subsets. The concept of the Fibonacci number of a graph was introduced in [12] and discussed in several papers [9, 13] . In addition, Jou and Chang [8] showed a linear-time algorithm for counting the number of maximal independent sets in a tree.
Jou and Chang [7] determined the largest number of maximal independent sets among all graphs and connected graphs of order n, which contain at most one cycle. Later B. E. Sagan and V. R. Vatter [11] found the largest number of maximal independent sets among all graphs of order n, which contain at most r cycles. In 2012, Jou [4] settled the second largest number of maximal independent sets in graphs with at most one cycle. The purpose of this paper is to determine the second largest number of maximal independent sets among all graphs of order n ≥ 5 with at most two cycles. We also characterize those extremal graphs achieving these values.
For a graph G = (V, E), the cardinality of V (G) is called the order, and it is denoted by |G|. The neighborhood N (x) of a vertex x ∈ V (G) is the set of vertices adjacent to x in G and the closed neighborhood N [x] is {x} ∪ N (x). The degree of x is the cardinality of N (x), and it is denoted by deg(x). For a set A ⊆ V (G), the deletion of A from G is the graph G − A obtained from G by removing all vertices in A and their incident edges. Two graphs G 1 and
. If a graph G is isomorphic to another graph H, we denote G = H. Denote K n a complete graph of order n and C n a cycle of order n.
Preliminaries
We begin with some useful lemmas which are needed in this paper.
Jou and Chang [7] determined the largest number g(n, 1) of maximal independent sets among all graphs of order n, which contain at most one cycle.
Theorem 3.1. ([7])
If G is a graph of order n ≥ 2 vertices with at most one cycles, then mi(G) ≤ g(n, 1), where
Furthermore, mi(G) = g(n, 1) if and only if G = G(n, 1), where
Jou [4] settled the second largest number g (n, 1) of maximal independent sets in graphs with at most one cycle.
Theorem 3.2. ([4])
If G is a graph of order n ≥ 4 with at most one cycle having G = G(n, 1), then mi(G) ≤ g (n, 1), where
Furthermore, mi(G) = g (n, 1) if and only if G ∈ G (n, 1), where
B. E. Sagan and V. R. Vatter [11] found the largest number g(n, 2) of maximal independent sets among all graphs of order n, which contain at most two cycles. Theorem 3.3. ([14] ) If G is a graph of order n ≥ 5 vertices with at most two cycles, then mi(G) ≤ g(n, 2), where
Furthermore, mi(G) = g(n, 2) if and only if G = G(n, 2), where
The following theorem is the main result.
Theorem 3.4. If G is a graph of order n ≥ 5 with at most two cycles having
, where
Furthermore, mi(G) = g (n, 2) if and only if G ∈ G (n, 2), where
Proof. Let G be a graph of order n ≥ 5 with at most two cycles having G = G(n, 2) such that mi(G) as large as possible. Then mi(G) ≥ mi(G (n, 2)) = g (n, 2). Suppose that G has at most one cycle. Note that G = K 3 ∪ n−3 2 K 2 . By Theorem 3.1 and Theorem 3.2, then
if n ≥ 6 is even ; = g (n, 2).
The equalities hold. Suppose that G has at most one cycle, by Theorem 3.1 and Theorem 3. 
